Introduction
Let p be an odd prime number and F a finite algebraic number field. The maximal unramified pro-p-extension L(F ) of F is called a p-class field tower of F . For a field which can be an infinite extension over the field Q of rational numbers, we also use the same notation. It is well known that Gal( L(F )/F ) can be infinite. However, we have few known criteria for deciding whether Gal( L(F )/F ) is finite: in addition, we do not have efficient methods for describing the structure of Gal( L(F )/F ). In the present paper, we attempt to apply Iwasawa theory to the study of p-class field towers. Let F ∞ be the cyclotomic Z p -extension of F : in other words, F ∞ is the unique infinite Galois subfield of a field obtained by adjoining to F all roots of unity of p-power order whose Galois group is isomorphic to the additive group of the ring Z p of p-adic integers. We attempt classifying the finite algebraic number fields F whose cyclotomic Z p -extensions F ∞ have abelian p-class field towers. We say that F (resp., F ∞ ) has an abelian p-class field tower if Gal( L(F )/F ) (resp., Gal( L(F ∞ )/F ∞ )) is abelian. Note that if F ∞ has an abelian p-class field tower, then all sufficiently large subfields in F ∞ /F also have abelian p-class field towers. Also note that the Galois groups of abelian p-class field towers of finite algebraic number fields are isomorphic to the p-primary part of the ideal class groups. Therefore, their Galois groups are finite and described by arithmetic objects. In [11] , the author determined imaginary quadratic fields k such that k ∞ have abelian p-class field towers for odd prime numbers p: in the case that p = 2, the problem was solved by Mizusawa and Ozaki [9] .
In this paper, we deal with two problems. The first is to find necessary conditions for 
Then we have the following: 
Here, in (e), S is a set of any two primes in K above any one of the two primes above 3 in k (and hence #S = 2), T is the set of primes in K consisting of the primes above 3 which are not contained in S (and hence #T = 4) and A S T (K ) is the inverse limit of the groups of S-ray classes modulo products of powers of primes in T .
Preliminaries
Let p be an odd prime number. For any algebraic number field F , we use the following notation:
F n : the unique subfield of F ∞ with degree p n over F .
Let K be a finite Galois p-extension of a finite algebraic number field F . We define the central 
for some (and necessarily for any) F .
If K or F is an infinite extension, by taking the projective limit with respect to its finite subextensions, we have an exact sequence similar to (2) .
, so that we obtain the following: 
by the inner automorphisms such as xγ = γ xγ −1 for any x ∈ X(F ∞ ). Note that this action is independent of the choice of an extension γ and commutes with the canonical isomorphisms 
which is obtained by sending 1 + T to the fixed generatorγ of Gal(F ∞ /F ). It turns out that X(F ∞ ) is a finitely generated torsion module over Λ. This implies that X(F ∞ ) ⊗ Z p Q p has a finite dimension over the p-adic field Q p , so that we can define the Iwasawa 
Now, suppose that F is a CM-field. Then it is known that, since p is odd, there is an injective homomorphism
such that its cokernel is finite, where the principal ideals (P i ) in Λ are prime ideals of height 1 and the structure of the right hand side is uniquely determined by p and F . If F /Q is an abelian extension, then the Iwasawa μ-invariant of F ∞ /F is zero by Ferrero and Washington [2] , and, especially, we know that X(F ∞ ) − is a free Z p -module. Therefore we may take each P i as an irreducible distinguished polynomial. Then we define the characteristic polynomial of X(F ∞ ) − as the polynomial
Suppose that a CM-field F is a finite abelian extension over Q and a CM-field K = F 1 is a cyclic extension of F with degree p. We identify Gal(F ∞ /F ) with Gal(K ∞ /K ) by the canonical isomorphism. Note that Gal(K /F ) acts on X(K ∞ ) and X(K ∞ ) − by the inner automorphisms similar to the action of Gal( 
where s is the number of primes in K + ∞ not lying above p which split in K ∞ /K + ∞ and ramify in K + ∞ /F + ∞ . ] elements over R.
Proof of Theorem 1.1
Let R m := F p [γ ]/(γ − 1) m = F p [γ − 1]/(γ − 1)
Proof. (i) For integers
Then we obtain
Define the sets B m, j inductively by . . . . . . 
Therefore the dimension of the cokernel of the linear transformation γ − 1 is equal to n. This implies that R m ⊗ F p R n is generated by n elements as an R-module by Nakayama's lemma.
(ii) The proof is almost the same as in (i). Put . . . . . .
To prove (ii), we have only to show the following by the induction on m:
If m = 2, these are trivial. By the assumption of the induction and the above representation,
In the same way, 
By Lemma 3.1 and Nakayama's lemma,
. Apply Proposition 2.1 to the case L(F ∞ )/F ∞ and then we know that the sequence (1) ⊕ν and so that we obtain Theorem 1.1(i).
Assume that F is a CM-field not containing a primitive p-th root of unity. Then by [14, The- (6) . Consequently X(F ∞ ) + = 0 or X(F ∞ ) − = 0 holds. On the other hand, assume that every prime above p does not split in F /F + and X(F ∞ ) + = 0. Then A(F + n ) = 0 for all sufficiently large n. This implies that all primes above p, and hence all primes, split in L(F ∞ )/F ∞ . Apply Proposition 2.1 to the case L(F ∞ )/F and we see that the sequence
by Evens [1] . Comparing the numbers of generators of the plus parts of all the right hand terms in (7), we obtain
which completes the proof of Theorem 1.1.
Proof of Theorem 1.2

4.1.
First of all, let k be an imaginary quadratic field, K + a finite abelian p-extension over Q and
Suppose that p splits in K /Q completely. Then the conductor of K + is prime to p. In particular, Q ∞ ∩ K + = Q and all primes above p are totally ramified in K ∞ /K . We identify Γ with Gal(K ∞ /K ). Denote by M S p (K )/K the maximal abelian pro-p-extension unramified outside p. Then it is well known that M S p (K )/K ∞ is unramified and
since p splits in K /Q completely. We show the following proposition; the only difference from the necessary condition of Theorem 1.2 lies in the condition (e ) instead of (e).
, then the following conditions hold:
(c) The prime number l does not split in k/Q. 
is generated by more than or equal to p t elements as Λ-module by (8) . Therefore, by Theorem 1.1, we obtain
Therefore we obtain p = 3, t = 1, which implies that the condition (a) holds. Next, let l 1 , . . . ,l u be the all prime numbers dividing the conductor of K + . Then we get #A(K + ) 
. Hence, we can apply [1] to obtain a surjection (8) . This implies that T is an annihilator of X(K ∞ ) and the Λ-module X(K ∞ ) is generated by 3 elements. Consequently,
Therefore, Γ acts on X(K ∞ ) trivially. Moreover, X(K ∞ ) Z 3 [ ] as -modules by Gold and Madan [4] . On the other hand, we can describe A(K ) as
by (3) and (9) . Therefore again by (3), we obtain
for every integer n 1. Hence, for any 1 n
since the inertia group of a prime above l in G n is isomorphic to . Therefore, we can apply [1] to have
Then, by the foregoing argument, we find that
On the other hand, we show Reiner [13] . It follows that
T Y (K ∞ )) Z 3 and the homological long exact sequence induced from (10) . Hence H 1 ( , X(K n ) × Γ n )/3 F 3 for any 1 n ∞. Combining this with (11) , (12), we obtain the lemma. 2 
4.2.
To prove Theorem 1.2, we apply Proposition 2.1 to L(K ∞ )/k. We suppose that the conditions (a), (b), (c), (d), (e ) of Proposition 4.1 hold. In other words, l is a prime number such that 3 l − 1, k is an imaginary quadratic field with λ k = 1 and K + is the subfield of l-th cyclotomic field with degree 3. We suppose that p splits in K = K + k/Q completely, l does not split in k/Q and dim F 3 A(K )/3 1. We use the notation J as a generator of Gal(k/Q). Then in the same way as in the action of Γ , Gal(k/Q) also acts on X(K ∞ ). Note that X(K ∞ ) + = 0 by [5] since there is only one prime above l in k + n and the prime is ramified in K + n /k + n for any integer n 0. Therefore we can apply the argument of the proof of Lemma 4.2, and hence we obtain L(K ∞ ) = M S 3 (K ) and
Since l does not split in k/Q, the fixed field of L(K ∞ ) by the Galois group J contains the fixed field of L(K ∞ ) by Z l , in other words, J ∈ Z l . If l inerts in k/Q, then I l = I l Z l and hence
